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There are three moving-base gravity gradiometers currently being developed. Two of these instruments are
spinners and produce gradient measurements at twice their spin frequency. The third is a torsion balance in-
strument and measures components of the gradient tensor at zero frequency. A system of at least three sensors of
any one type is required to measuyre coinpletely the gravity gradient. This paper defines the optimal relative
orientations of the sensors which comprise a gradient measurement system. Three- and four-sensor systems are
considered. The theory of conservative fields and their gradient is reviewed briefly. The three different

gradiometers are described.

I. Introduction

GRAVITY gradiometer measures the spatial gradient of

the gravity field in which it operates. Substantial interest
in these instruments has arisen in recent years, with suggested
applications ranging from missile and aircraft guidance'-? to
oil well exploration.® The first gradiometers (EGtvos, 1880)
were fixed-base instruments, requiring up to 30 min to
provide a single measurement. The new moving-base
gradiometers will be mounted in aircraft, ships, or even jeeps
and will provide a gradient measurement in approximately
10s.

There are three moving-base gravity gradiometers currently
under development. The instruments are being developed at
the Hughes Research Laboratories,* the Bell Aerospace
Corporation,> and the Charles Stark Draper Laboratory. %’
The design goal for each of the sensors is 1 EGtvos unit (1 EU
is 10 -9 s —2). Two of the sensors were designed specifically to
measure the gravity gradient. The third uses existing ac-
celerometers to provide a gradient measurement. The Hughes
and Bell instruments rotate, modulating the information. This
rotation transfers the gravity gradient signal to a higher
frequency, quieter portion of the spectrum and separates the
signal from some sources of instrument bias. The Draper
Laboratory sensor measures the gradient at zero frequency
and uses a sophisticated floatation suspension system to
isolate the sensing element from errors induced by rotation
and jitter.

A system of at least three instruments of any one type is
required to measure gravity gradient tensor. The primary
objective of this paper is to define the optimal relative
orientations of the three sensors which comprise a minimum
gravity gradient measurement system. In addition, the effects
are considered of different relative sensor orientations when a
fourth, redundant sensor is included.

II. Gravity Field and Its Gradient

A gravity field is conservative and may be expressed as a
scalar function ¢ of position Frelative to the attracting body.
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At any point 7, the gravitational acceleration g due to that
body is :

E=Ve(d) 1

Expressing g in a set of Cartesian coordinates, Eq. (1)
becomes

dp d¢ dp
T o
(2] _[ax'ay’az] 5

The spatial gradient of the gravity-vector g is the second-order
tensor of Eq. (3):
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To determine completely the gravity gradient tensor, all of the
independent components must be measured. For a con-
servative gravitation force,?

VXxXg=0 : @
v-g=0 ®)

Equation (4) expresses the symmetry of the gradient tensor.
Equation (5) is Laplace’s equation and requires that the sum
of the diagonal components of the gradient tensor be zero.
Since the gradient tensor is symmetric, no more than six of its
nine components are independent. The scalar Laplace
equation reduces the total number of independent elements to
five. Therefore, complete determination of the gravity
gradient tensor at any point in space requires only five in-
dependent measurements.

To follow convention, the gradient tensor will be
represented by I':
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Fig.1 Hughes research laboratory rotating gravity gradiometer.4
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Fig.2 Dumbbell gradiometer.

IIl. Hughes’ Rotating Gravity Gradiometer

The Hughes’ rotating gravity gradiometer measures gravity
gradient at a nonzero frequency. The instrument, shown in
Fig. 1, can be thought of as two identical arms connected by a
flex pivot. The relative torque acting upon the arms is sensed
by a piezoelectric transducer as the pivot is strained. The
gravity gradient signal excites a lightly damped differential
rotation mode at twice the 17.5-Hz spin frequency. The sensor
is tuned to have a resonance at 35 Hz.

Consider the ideal dumbell gradiometer oriented with its
spin axis 2, horizontal, as shown in Fig. 2. The vector gy, is the
gravity vector at the orgin of the sensor (subscript s) axis
reference system and defines the local horizontal plane.

At any of the masses, m,, for example, the gravity vector to
first order can be written in terms of g, asin

ag .
8 Ak:  je=xpz k=xyz 0

dak

81, =8g +

Using Eq. (6) and the definition
Ard (Ax, Ay, A7) T ®)
the gravity at m, may be written as

EI=§0+I?'A_’I (&)
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Since Ar, refers to the displacement of m,; from the origin of
the sensor reference system,

&, =7, (10)
and Eq. _(9) may be written as ‘
7, =2,+-7, (11

The torque 7_: induced by the gravitational field influence
upon the odd arm may be written as

T,=F)xfi+Fyxf; (12)
where

fi=m(g,+T-F} (13)

fy=my(g,+ 173 | (14)

Since for an ideal instrument all four masses m, are equal,
and since

Fy=-—1, 15)
then Eq. (12) can be rewritten as
T, =2mF, x {I"-F, } (16)

An equation similar to Eq. (16) can be written for even arm
induced torques, and therefore the differential output torque
induced by the gravity gradient is

T —T,=2m{ 7, x -7, 1 - [/, xT 71} an

Along the sensitive axis Z;, the component of the differential
torque vector of Eq. (17) is

(i——i) 'is
=2mr?{2(T,, ~T . )sinfd cos@+ 2T, (cos?f—sin?0) } (18)

or
(T,—T,)-Z,=2mr?{(T,,—T,,)sin20+2T,,cos20) (19)

By separating the in-phase (sin20) and quadrature (cos28)
components of output Eq. (19), measurements containing
three of the five independent terms of the gravity gradient
tensor are available.

IV. Bell Aerospace Corporation
Gradiometer
The sensitive elements of the Bell Aerospace gravity
gradiometer are four modified Bell model VII pendulous
accelerometers. . The accelerometers are mounted sym-
metrically on a spin table with their sensitive axes in the
tangential direction defined by s, where

S=axF (20)

The nominal spin table rate is 0.5 Hz. A conceptual diagram
of the Bell instrument is shown in Fig. 3. The instrument
senses gravity gradient in the X-Y plane according to the
equation

[(a;+a;) —(a;+a,)]
=2r{ (T, —T,) sin(201) + 2T, cos (201) } @D
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Fig. 3 Bell Aerospace heavy proof mass accelerometer gradiometer.

Fig. 4 Simplified representation
of Draper Laboratory spherical
gravity gradiometer; output axes /
and j.

Fig. 5 Hughes’ sensor system initial orientation for purposes of spin
axis alignment specification.

Modulation of the output signal yields an in-phase
measurement of the off-diagonal gravity gradient tensor
component I',, and a quadrature measurement of the dif-
ference between two of the diagonal terms I',, —T,. Com-
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parison of Eqs. (19) and (21) shows that the output equations
for both of the rotating gravity gradiometers are equivalent.

V. Draper Laboratory Gravity Gradiometer
The Draper Laboratory instrument senses the gravity
gradient signal at zero frequency; i.e., the instrument does not
rotate. A conceptual drawing of the Draper Laboratory
spherical gradiometer is shown in Fig. 4. The spherical
gradiometer uses a spherical float having dense masses at-
tached at two points, which provide a dumbell mass
distribution, as shown in the figure. External torques are
sensed about each of the two perpendicular axes (i, j) which
define a plane normal to the between-the-weights axis (k).
The flotation fluid is inviscid, providing a degree of isolation
from small-amplitude (jitter) rotations of the case. The output
vector equation for the spherical gradiometer is
[T, =2mr?[-T,,T,,0]7 (22)

p24d

V1. Measuring the Gravity Gradient with
Rotating Gravity Gradiometersi

A directional reference frame for three rotating gravity
gradiometers is shown in Fig. 5. We assume that the sensors
are not spinning and that the sensor axes (x;, y;, z;) are,
respectively, coincident with platform axes (x,, y,, z,). The
separate sensor reference system orientations then can be
varied arbitrarily using a {1, 2, 3} Euler rotation sequence
defined by angles {«;, 8;, v, }. Subsequent to these alignment
rotations, the sensors are spun up and measurements taken.
The output of each sensor corresponds to Eq. (19), with each
sensor measuring components of the gravity gradient tensor
expressed relative to the newly specified body (sensor)
reference directions. In order for these measurements to
provide a complete estimate of the gravity gradient tensor, all
six outputs from the three sensors must be related to a single
reference frame. For convenience, this frame has been defined
to be the platform reference frame. It is easy to show that

=
Tp= TB/PFP Thp (23)
Sensor in-phase and quadrature signals are averaged over a

10-s sample period to provide measurements of [I',, —T,,]p;
and [T',,] g as specified by

[Apl;, =4mr? (5T, —T) g 24)
[AQ]j =4mr2[rxy]Bj (25)

Using Eq. (23), the right sides of Eqgs. (24) and (25) can be
expressed in terms of the platform referenced gradient tensor
for arbitrary Euler angle rotations {«, 8, v};. Equations (24)
and (25) can be rewritten for all three sensors in terms of the
platform-referenced gradient tensor as
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1Since the signal equations are the same for both the Hughes and Bell sensors, it is understood that the analysis of signal estimation for the

Hughes’ sensor applies directly to the Bell Sensor also.
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The six different elements of the gradient tensor I?appear as
the vector T' in output Eqs. (26) and (27). The order of the six
elements of the vector is defined by Eq. (26). In_subsequent
discussions, the estimate of T' will be denoted by T'. The error
in the estimate of T’ will be denoted by I".

- The 6 X 6 matrix M’ of Eqgs. (26) and (27) is singular due to
the Laplace relationship of T',, ', T',,, as shown in Eq. (5).
We can remove the effect of this singularity either by
eliminating one of the gradient tensor principal diagonal
terms [using Eq. (5)] or by adding the Laplace equation to
Eq. (26) as a seventh measurement having zero error. The
addition of Laplace’s equation as a measurement allows all of
the terms of the gradient tensor to be treated in the same way
mathematically. Combination of Eq. (5) with Eq. (27) yields

1 A6/x1 _ Méxé [ﬁ] (2‘8)
4mr? 0 111000

[A]=[M],,,[T) 29)

or’

With

(BI& (MTM] =/ [MT] (30)
the least—squarés error solution estimate of [f] is

[T1=BAy (3N

where
Ayta+y (32)
Matrix Visa7x1 vector representing measurement noise.
‘The first six terms of vector V are taken to be white, zero

mean Gaussian random variables having variance 1 (EU)2.
The seventh component, V', is exactly zero. Furthermore,

I6><6

i (33)
________ i O7><1
]

Equation (33) states that the six actual measurements have
uncorrelated errors of variance 1 EU?. With

Far-1 (34)
and
Py s =8 [FTT] | 35)
then
P=B R BT (36)
where
RES[V V7] 37

The reciprocal of this matrix, R, would be used to obtain a
matrix B [see Eq. (30)] for the weighted least-squares
solution. However, the singularity produced by the perfect
measurement from Laplace’s equation requires special
handling of R. We have chosen to use the simple least-squares

solution because we conjecture that the relative orientation

{(a, B, v) will be the same for both solutions, since Laplace’s
equation is a constraint on magnitudes.
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Given Eq. (36), the problem is to find angles (o,8,7);
(which determine B) so that a scalar cost function J, which is
dependent upon covariance matrix P, is minimized. The
purpose of this analysis is to determine the relative sensor
orientations that minimize the error in the estimate of the
gravity gradient. If the error model considered is to be in-
dependent of the actual gradient tensor, it also should be
independent of the coordinate frame into which the gradient
estimates are resolved. The cost function of Eq. (38)
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(suggested by John V. Breakwell) meets these criteria:
J=Tr{&[FFT]} (38)

f is defined by the 3 X 3 matrix composed of the errors in the
estimate of IF. With T defined by Eq. (34),

r, T, T
f=| f, T, T, 39)
L, T, T
F24124F2 5, +5,F, +1,F,
e[ITFT]=¢ F+T3+1
Teg [T 71=F2F, +F2 422 +F2+F2] @)
If T transforms the measure numbers of a vector expressed on
an orthonormal basis A4 to those in basis B, then I' transforms
by the similarity transformation
F=TI,T7 42)
Using Eq. (42),
f,=1F,77 43)
Hence, \
f,Fr=TFf,77TFITT (44)

and, since the the trace is invariant under similarity trans-
formation,

Tr(e[F,F1]) =Tr(e[F,T}]) (5)

This invariance allows the cost function to provide a scalar
measure of the quality of the gradient estimate without regard
for the coordinate system to which the measurements are
referenced.

The system shown in Fig. 6 is taken as the baseline gradient
measurement case. The spin axis of each sensor is parallel to a
different platform reference direction. For this sensor system
orientation, J had the value 8.667 EU?. The Euler angles
corresponding to this set of sensor orientations are

oy B, Y 0 90 0
@ B, v, | = | 270 0 0 | deg (46)
B; B3 Y3 0 0 0

This particular set of sensor spin axis orientations minimized
J for all sets of sensor spin axis directions considered.

A test of the Hughes’ sensor system gravity gradient
estimation for the case where the spin axes were not or-
thogonal is shown in Fig. 7. This test was initialized by
symmetrically placing the three sensor spin axes about 32,, in
the $,-Z, plane. The sensor spin axes then were rotated
uniformly out of the y,-Z, plane toward X, through an in-
creasing angle 8 in a manner similar to closing an umbrella.
The results of this test are given in Fig. 8. As the umbrella
angle increased from 5 to 35 deg, the cost function decreased
from 13.9 EU? to its minimum value of 8.667 EU? at 35.26
deg. At that angle, the spin axes were orthogonal. As the
umbrella continued to close, the cost function again began to
increase, principally due to a loss in the accuracy of the I',,
estimate.

~ J. GUIDANCE AND CONTROL

The cost function analysis was extended to include four
instruments. A fourth instrument provides protection against
loss of mission due to the failure of a single gradiometer.
Several four-instrument operating configurations were
considered:

1) All four spin axes were placed symmetrically about X, in
the y,-Z, plane. The umbrella was closed with all four spin
axes collapsing toward X,,.

2) One spin axis was oriented along X,. The three other
spin axes were placed symmetrically about X, in the y,-Z,
plane. The umbrella was closed as in Fig. 7.

f‘zf‘s f6f3 (40)

The results of these tests appear in Figs. 9 and 10. Figure 9
shows that, for the sensor configuration defined by case 1, an
umbrella angle of 35 deg is optimal for both the four-sensor
case and the case of one instrument failed. For the full four-
sensor case, the cost function has minimum value of 6.4 EU2.
With one sensor failed, this value increased to 10.6 EU2.

The results of aligning one sensor spin axis along X, and the
three others in an umbrella are given in Fig. 10. For the four-
operational sensor case, the cost function has minimum value
equal to 6.4 EU2. With one of the umbrella sensor failed, the
minimum value of J increased to 10.4 EU? at an umbrella
angle of 15 deg. It is interesting to note that the cost function
vs umbrella angle curve of case 2 remains relatively flat over a
fairly large range of umbrella angles. This situation would
allow for flexibility in the choice of instrument installation
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orientation without significant sacrifice of gradient deter-
mination accuracy. Accurate measurement of the spin axis
alignment still is required, however.

VII. Measuring the Gravity Gradient Tensor
with the Draper Laboratory Gravity Gradiometer

A similar performance analysis also was carried out for the
Draper Laboratory spherical gradiometer $ystem. For a triad
composed of three spherical sensors, the defining equation
has the form of Eq. (47). Matrix M of Eq. (47) is similar in
nature to M’ of Eq. (28) in that it is composed of products of
Euler rotations. Note that the scalar multiplicative coefficient
for this instrument is 2mr?, whereas it was 4mr? for the
Hughes’ sensor:

Ay T
r

A
=2mr? Mgy 47)

L 0 11000 ( J
The analytical development of the gradient tensor estimate for
this instrument system is similar to that of the Hughes’

strument and appears in Ref. 9. Optimal sensor orientation
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again is defined to be that which minimizes the cost function
specified in Eq. (38). The results of the three-instrument
analysis are shown in Fig. 11. For the Draper Laboratory
sensor, the between-the-weights axis has essentially the same
significance as the spin axis has for the rotating sensors. Thej
axis angular rotation @, is identical to the umbrella angles
discussed in connection with the Hughes’ sensor spin axis
orientations.

The performance plots of Fig. 11 shows that the cost
function J is minimized when the between-the-weights axes
are located symmetrically about X, and rotated out of the
Vp— z,, plane through an umbrella angle of approximately 58
deg. The value of J at that point was found to be ap-
proximately 10.8 EU2. Note that, for the symmetric between-
the-weights axes case, a singularity exists at an umbrella angle
of 35.2644 deg. It is easy to show that a singularity always
exists for this three-sensor system when the between-the-
weights axes form an orthogonal triad.®

Four-sensor gradient tensor estimation also was considered
for the Draper Laboratory sensor. The following cases were
evaluated: 1) four sensors symmetrically located about x
having identical umbrella angles 8; and 2) a single sensor
having its between-the-weights axis vertical (three sensors
symmetrically located about ¥, having identical umbrella
angles B). The results of these tests for the four-sensor and
one-sensor-failed cases are given in Figs. 12 and 13.

The cost function vs umbrella angle curve for the case
where all four BTW (between-the-weights) axes are spaced
symmetrically about X, appears in Fig. 12. With four sensors
operating, the minimum cost function occurred at an um-
brella angle of 50 deg and had a value of 7.1 EU2. With one
sensor failed, the minimum value of the cost function in-
creased to 11.9 EU? at 55 deg.

The effect of removing one of the BTW axes from the
umbrella and placing it along £, is shown in Fig. 13. For this
case, the minimum value of J occurs at an umbrella angle of
20 deg and has value equal to 8.25 EU?. At 8 equal to 55 deg,
the value of Jis 8.6 EU2. With one umbrella sensor failed, the
minimum value of the cost function was found to be 12.66
EU? at an umbrella angle of 35 deg.

VIII. Conclusions

The results presented in this paper show that three spinning
gravity gradiometers will provide a gradient estimate having
minimum error when the sensor spin axes form an orthogonal
triad. A fourth gradiometer provides redundancy and
prevents mission loss due to a single instrument failure. It has
been shown that, with four spinning sensors, the best in-
formation is obtained with an umbrella configuration in
which one sensor spin axis lies along X,, and the other spin
axes are space symmetrically about X,. Changes as large as §
deg, as long as they are well known for the instrument
mounting, will not degrade the performance of the sensor
system substantially. Furthermore, it is concluded that, for a
spinning sensor system, an umbrella angle of 20 deg provides
areasonable compromise between four-sensor system optimal
performance and performance degradation due to the loss of
one sensor.

For the three static gradiometer system, it was found that
BTW axis symmetry about X, and an umbrella angle of
approximately 58 deg minimized the cost function J. This
result was in general agreement with those of Ref. 6. It also is
concluded that a four-static gradiometer system should be
configured with one BTW axis along X, and the other located
symmetrically about x, with umbrella angles of 20 deg. The
20-deg umbrella angle selection is based on one-instrument-
failure considerations.
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SPACECRAFT CHARGING BY
MAGNETOSPHERIC PLASMAS—v. 47

Edited by Alan Rosen, TRW, Inc.

Spacecraft charging by magnetospheric plasma is a recently identified space hazard that can virtually destroy a spacecraft in
Earth orbit or a space probe in extra terrestrial flight by leading to sudden high-current electrical discharges during flight.
The most prominent physical consequences of such pulse discharges are electromagnetic induction currents in various on-
board circuit elements and resulting malfunctions of some of them; other consequences include actual material degradation
of components, reducing their effectiveness or making them inoperative.

The problem of eliminating this type of hazard has prompted the development of a specialized field of research into the
possible interactions between a spacecraft and the charged planetary and interplanetary mediums through which its path
takes it. Involved are the physics of the ionized space medium, the processes that lead to potential build-up on the
spacecraft, the various mechanisms of charge leakage that work to reduce the build-up, and some complex electronic
mechanisms in conductors and insulators, and particularly at surfaces exposed to vacuum and to radiation.

As aresult, the research that started several years ago with the immediate engineering goal of eliminating arcing
caused by flight through the charged plasma around Earth has led to a much deeper study of the physics of the planetary
plasma, the nature of electromagnetic interaction, and the electronic processes in currents flowing through various solid
media. The results of this research have a bearing, therefore, on diverse fields of physics and astrophysics, as well as on the
engineering design of spacecraft.
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